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It is demonstrated that under fixed activator conditions the general flux equation for the rapid equilibrium
carrier model of cotransport can be written entirely in terms of five independent kinetic constants. Thus the
kinetic parameters from any experiment carried out under the same activator conditions must necessarily be
expressible in terms of these five constants. These predicted relationships between experimental kinetic
parameters provide rejection criteria for the model, a number of which are derived here. Generalization of
the treatment to the case where a competitive substrate is present on both sides of the membrane is also

given.

Introduction

In the kinetic analysis of a transport model one
can distinguish between two basically distinct sets
of predictions which can be used as tests or equiv-
alently as rejection criteria for the model. The first
set arises from the mathematical form of the kinetic
equations. These equations describe the predicted
dependence of flux on substrate concentrations
(cis and trans), inhibitor concentrations, and so
on. Thus, for example, a certain model might
require that under zero trans conditions the sub-
strate flux shows a Michaelis-Menten-type depen-
dence on substrate concentration. Because predict-
ions of this type concern only the functional form
of the flux equations they may well be common to
more than one transport mechanism.

The second set of predictions concerns relation-
ships between the experimentally determined
parameters of the model. For example, for the
simple carrier model to hold the V,,, of the trans-
porter measured under equilibrium exchange con-
ditions must be equal to the V,, measured under

infinite trans conditions [1,2]. In general one ex-
pects predictions of the latter type to provide more
stringent tests of the model since these essentially
involve internal consistency checks on the details
of the transport mechanism.

In an earlier publication [3] the kinetic proper-
ties of a family of contransport models of the
rapid equilibrium* carrier type were studied in
some detail. In particular, it was demonstrated
that under zero trans, equilibrium exchange and
infinite trans conditions, as usually defined (see
below), the kinetic parameters K, and V, ,, could
be expressed as simple functions of the activator
concentration and a minimal set of model-depen-
dent constants with well defined kinetic interpre-
tations. In this analysis, however, few simple rela-

* The term ‘rapid equilibrium’ [4] refers to the assumption

made here that the translocation of the transporter binding
site from one membrane surface to the other is the rate-limit-
ing step in the transport process. The significance of this
assumption has been discussed previously [3].



tionships between the experimentally determined
parameters (i.e., rejection criteria of the second
type discussed above) were obvious. In the present
paper it is demonstrated that such a set of rela-
tionships can indeed be derived, but for slightly
different experimental conditions. The rejection
criteria which result are similar to those previously
derived for the simple carrier model [1,2].

As a basis for the present analysis it is demon-
strated that under fixed activator conditions the
general flux equation for the rapid equilibrium
carrier model of cotransport can be written en-
tirely in terms of five independent kinetic con-
stants. Thus the kinetic parameters from any ex-
periment carried out under the same activator
conditions must necessarily be expressible in terms
of these five constants. These predicted relation-
ships between experimental kinetic parameters
provide the desired rejection criteria. Additional
rejection criteria from kinetic measurements car-
ried out in the presence of competing substrates
are also discussed.

Theoretical derivations

The model

The cotransport model treated in this paper is
shown in Fig. 1. The two cotransported species are
referred to as the substrate, S, and the activator,
A. The ‘free carrier’ on side n of the membrane is
represented by C,, the carrier plus bound sub-
strate by CS,, and so on. The rate constants for
the translocation of the various carrier species are
designated k,,, k,,, f,,, etc. The dissociation con-
stants K, , K¢ , etc. which characterize the bind-
ing events at the two membrane faces are defined

below. The binding of A and S to the transporter

has been assumed to occur by a random process,
however, the results derived here apply equally
well to ordered models of the carrier type since
these may be regarded as limiting cases of the
random model [3].

In the derivations which follow the effects of an
additional transported species, T, which competes
with S for its binding site on the carrier have also
been included. The presence of T has not been
shown in Fig. 1 in order to preserve clarity. The
rate constants for the translocation of CT, and
CAT, are designated f/ and A/, respectively.
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Fig. 1. Schematic representation of the rapid equilibrium car-
rier model of cotransport (see text for details).

Assumptions

The usual assumptions associated with the rapid
equilibrium carrier model are made here [3,5],
namely that:

1. The transporter is a rapid equilibrium sys-
tem *. Thus the carriers are in equilibrium with the
ligands S, T and A at the membrane surface.

2. The total number of transporters, free and
loaded, is constant and equal to C,,.

3. There is no net movement of transporter
binding sites from one face of the membrane to
the other; in other words, a steady state exists at
the time of measurement.

4. The transporter itself is not primary active.

Solution of the model

The solution of the model shown in Fig. 1 has
been given previously {3,5]. The incorporation of a
second competing substrate, T, is quite straightfor-
ward. A brief description of the solution follows.

* See footnote on p. 444.
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From assumption 1 above we have that on side
n of the membrane

K, =[GIS,1/1CS,]

Ksa, =[CS,JA,1/ICAS, ]

Ky, =[GIT,I/ICT,]

Koa, =[CTJA,l/[CAT,]

Ky, =IGIA,)/ICA,]

K, =[CA,ILS,1/[CAS,]

Kar, =[CA,IT,1/[CAT,]

It follows directly from the above equations that
Ks Ksp = Ka K,

KT,,KTA,, = KA,,KAT,,

The unidirectional flux of S from side 1 to side
2 of the membrane is given by

JSIﬂZZfIZ[CSI]*hh]Z[CASI] (1)

Using assumptions 2 and 3 we find that

[CS\]=1[8:]Q0./Ks, (2a)
and

[CAS, | =[8,1[A]Q1,/Ks Ksa, (2b)
where

0, =CF, /(a,F +a,F,,) (2¢)

with £, and «, given by
an - knm + gnm([An]/KA,,) +.’;tm([sn]/KS,,)
+h,([AS,1/Ka Kas,) + fin([T,1/Kx,)

+n,,([AT,1/KA Kax,)

and

a,=1+([A,1/K, )+ ([S,]/Ks,)
+([A,1[8,1/Ks Kas,) + ([T, 1/K+)

+ ([T, 1/K, Kar,)

The corresponding unidirectional flux from side 2
to side 1 of the membrane may be simply obtained
by exchanging the roles of the subscripts 1 and 2
in Eqns. 1 and 2. Likewise, the unidirectional flux
of T, J1~2, is obtained by substituting T for S in
Eqns. 1, 2a and 2b and replacing f,, and h,, by f/,
and A}, in Eqn. 1.

Assumption 4 above imposes the following
thermodynamic constraints on the parameters of
the model [3,5],

KSZfIZkZIeZS“:KS,fZIkIZ (3a)
Ko, 812ky e = Kp 821k12 (3b)
Kas 71282167 = Kas 121812 (3¢)
KTzfl’ZkZIe:Tu:KT,fZ/IkD. (3d)
KATzh’lngIezTu:KAT,h,ZlgIZ (3e)
where

u=FAY/RT

Here zg, z1 and z, are the electrical charges on S,
T and A, respectively, F/RT has the usual thermo-
dynamic definition and Ay =, — ¥, is the electri-
cal potential difference between side 1 and side 2
of the membrane.

The kinetics of substrate flux

Experimental kinetic constants and nomenclature

Four types of experimental conditions which
are of interest here are defined below. In each
case, the unidirectional flux, JJ 2, can be shown
to have Michaelis-Menten form, i.e.,

Jr=ve(s, 1/ (ke +[8,)])

where Vsel", the maximal velocity, and K§"‘, the
Michaelis constant, are independent of [S,]. Here



the superscript ‘ex’ refers to the particular experi-
mental condition (see below). It is also convenient
to define the limiting permeability [1], F§7, by

PY= lim JS77/(8,]=V5/KS,

Under some experimental circumstances it may be
more convenient to evaluate Pg* than V5 and /or
K$* [3]).

The experimental conditions which are of inter-
est here are defined below for J¢ ~2. The corre-
sponding nomenclature for kinetic constants is
given in parentheses.

(i) zero trans conditions (Vg K¢, P3)):

[S;]=[T,}=[T,]=0.
(ii) infinite trans conditions (V4!, K¢, Pg'):

[T.]=[T,]=0, [S,]- .

TABLE I

47

(iii) hetero-infinite trans conditions (V*T, Ko7,
Pty
[T]] = [S2] :O, [T2] — 00,

(iv) equilibrium exchange conditions (I7see, _see s
Py

[T,]=[T,]=0
and

[S\1=[S:1e%, [A,] = [A,]e™

The latter conditions above are equivalent to the
requirement that the transmembrane electrochemi-
cal potential differences for S and A are zero, i.e.,
that Apg=Ap, = 0. Note that due to Assumption
4 above one necessarily has that Vg° = Vs* = Vg*
and K§ = K¢, = K¢

Expressions for the kinetic constants defined

s above are given in Table I.

EXPRESSIONS FOR KINETIC CONSTANTS DEFINED IN THE TEXT FOR THE RAPID EQUILIBRIUM CARRIER

MODEL OF COTRANSPORT (Fig. 1)

The following ‘relative concentrations’ have been used for compactness: a, =[A,]/Ka , 2,0 =[A,1/Ksa , 41a =[A,)/ K14,

Experi- Expression in terms of
mental parameters of the model
kinetic

constant

Col frz + aahip) (ko + a282)

zt
% (1+ay)(ky+a282)+(1+a)(fia + aghiz)
Ksz: s, (1+a) (ko +a285) +(1+ a3 ) (ki + a,812)
(1+ay)(ky+a80) +(1+a,)(fia +aghyy)
va Co(fi2 + aahi)(fa + 8520 2)
(M +ag)(fa +anhy)+(1+an)( fis T aghi2)
K;. s, (I+a)(hthaan)+(1+a,) (ki +a181,)
(+ay)(fortaghy)+(1+a,)(fiz +agh)
‘7? Cofu(fiz +aaa)
(1t ag)+ fi(1+ag,)
ke (Ks,flz/kzl)k21(1+a1)+k|2(1+02)
(+ay)+ fi(0+a,,)
paT Col Sz + @ahi2) (51 + 02h%)
' (I+ag)(Sit+anghy)+(1+an)(fiz T aahiz)
Ksizl,'r (I+a)(fi+anhy)+(+a,) (ki +aign)

S (1+a,)(fit+aghy)+(1+a,)(fiut aghy;y)
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In contrast to earlier work [3] the activator
conditions for zero trans and infinite trans experi-
ments have not been specified *. The reason for
this will become clear in what follows. In the
special case where Ap, =0, V5" and Kg' will be
denoted Vg* and Kg* (cf. equilibrium exchange
conditions above).

Expressions for the general flux equation in terms of
experimental kinetic constants

Case I: The general flux equation in the ab-
sence of competing substrate. Setting [T,] =[T,] =
0 it can be shown by straightforward algebra that
Eqn. 1 may be rewritten as

K= {281+ (PLIS,)IS) /KE))
< {1+([8,1/K2) + ([S,1/K2)

(18,81 /K28 )} (4)

It can be seen from Eqn. 4 that under fixed
activator conditions the eight experimental kinetic
constants defined by zero trans and infinite trans
procedures are sufficient to predict the flux rate in
either direction under any substrate conditions. In
fact, only five of these constants are independent
of one another since the relationships referred to
as Egns. R1, R2 and R3 in Table Il can be proven
directly from Tablel. If in addition one assumes
that Au, =0 then Eqn. R4 in Table II also holds
and one is left with only four independent kinetic
constants.

The kinetic constants for any other experimen-
tal substrate conditions must necessarily be ex-
pressible in terms of zero trans and infinite trans
parameters. The derivation of these relationships is
usually quite straightforward. For example, under
infinite ¢is conditions ([S,] — o0) Eqgn. 4 reduces to
I = (VK + 8,10 /(K& + (S.)
Deriving the expressions for the equilibrium ex-
change kinetic constants is, however, somewhat

* In reference {3} zero trans conditions required that {S,]=0
and [A,]}=0, while infinite trans conditions required that
[S;]— o0 and [A,]— .

TABLE II

RELATIONSHIPS AMONG EXPERIMENTAL KINETIC
CONSTANTS WHICH CAN BE USED AS REJECTION
CRITERIA FOR THE RAPID EQUILIBRIUM CARRIER
MODEL OF CONTRANSPORT

A. General relationships for one substrate

Vs) =Vs; (R)
K§Ks, = KEKS, (R2)
P/ PE =1+ (VE /VE) = (Ve V) (R3)
B. Additional relationships for one substrate when Au, =0*
P = Pgless (R4)
Ve = Vit = 7 (RS)
Pge = Pg! (R6)
C. General relationships for two substrates
vis =yt (R7)
VS = vt (R8)
K{3/K&T= K3 /K8 (R9)
KET/KyS = KE /KR (R10)

itTpazt zL
Ps. Psz _ VTZ

itTpzt  pat
Psz Psl VTI

(R11)

it.S pzt z
Py, PTz VS2

itSpzt 2t
PSPy Ve

(R12)

2 When Ap, =0 it can be shown from Eqns. 3 that

(fr2+ (ha[A )/ Ksa ) /( fr+ (R [A2)/Ksa,)) = fra / fon
and

(ki + (glA)/Ka)) /(Ko + (82[A2]/Ka,)) = Kz /K

These relationships have been used in deriving Eqns. R4, RS
and R6.

more complex. These relationships are given as
Eqgns. RS and R6 in Table II.

Case I1. The general flux equation in the pres-
ence of a competing substrate, T.

In this case Eqn. 1 may be written as

FARERS {Psz,'[sl] + (Psi:[sl][sz]/KSZ;)
+ (PET[S L1 K %))

< {1+ ([8,)/k8) + ([S.1/K2)



+((1)/k%) +(IT.1/K%)

+([S,]IS,1/K 2K )

+(IT)IT.1/K2KY,)
(

+([8, [T ) /K&ETKE )

+(IT s, 1 /K Ek2)) (5)

Including a second substrate introduces 16 new
kinetic constants into the general flux equations.
Eight of these are zero trans and infinite trans
constants for T of the type already discussed above.
The remaining eight are hetero-infinite trans con-
stants. In general only three of these are indepen-
dent since relations R7-R11 of Table II can be
proven directly from TableI (Eqn. R12 can be
derived from Eqns. R7-R11). Thus the general
flux equations for S and T in the presence of one
another can be written in terms of 13 independent
kinetic constants.

Evaluation of kinetic constants for unlabelled sub-
strates

It can be shown directly from Eqn. 5 that for
zero trans, infinite trans and hetero-infinite trans
conditions as defined earlier but with [T,]50,
JJ=2 can be written as

H= (s 1/ (ke* +[8,]) (6a)
where
K& =K (1+(T1/K%)) (6b)

and ‘ex’ again denotes the particular experimental
condition under consideration. Eqn. 6 also holds
for equilibrium exchange conditions as defined
earlier but with [T,]=[T,]e*™# 0. This can be
proven from Eqn. 5 and Table II, however, it is
somewhat simpler to derive directly from Eqns. 1
and 2 using the relation k, F,, = k,, F,, which can
be shown to hold when Ap,=Apg=Ap=0.
Using Eqn. 6 the Michaelis constants for the com-
peting substrate T can be evaluated directly from
flux measurements on S. In some cases maximal
velocities or ratios of maximal velocities for T may
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also be derived in a similar way (cf. Eqns. R7, RS,
R11 and R12 of Table II). These relationships can
be used as further tests of the model or alterna-
tively a means of studying the behaviour of sub-
strates which are not readily available in labelled
form.

Discussion

It has been demonstrated here that the general
flux equation for the rapid equilibrium carrier
model of cotransport and its submodels (cf. Ref.
3) can be written entirely in terms of zero trans
and infinite zrans experimental kinetic constants.
In addition, relationships between these constants
have been derived. These results provide stringent
tests (or equivalently rejection criteria) for the
model. For example, if zero trans, infinite trans
and equilibrium exchange experiments are carried
out in the absence of competing substrates and
with Au, =0, a total of ten experimental kinetic
constants are determined. According to the model,
however, only four of these constants are indepen-
dent of one another. Thus the remaining six con-
stants may be used along with the results given in
Table II as tests of the model. Kinetic measure-
ments in the presence of competing substrates
yield additional relationships which may also be
used as rejection criteria (cf. Table II). Alterna-
tively, these relationships can be employed to de-
termine kinetic constants for competitive sub-
strates not available in labelled form.

Results similar to those presented here have
been derived for the simple carrier model [1,2]. In
the case of coupled transport systems, however,
one has the added complications of the presence of
cotransported activator and the possibility of two
modes of translocation (via [CS, ] or [CAS, ]). Thus
the generalization of these earlier studies to
cotransport models is far from obvious. In fact the
kinetic constants for zero trans and infinite trans
experiments as previously defined * for cotrans-
port studies do not yield simple expressions of the
type derived here for the general flux equations or
for rejection criteria. These previous definitions
do, however, result in significantly simpler expres-
sions for V. and K, as functions of activator

* See footnote on p. 448.
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concentration (cf. Tablel and Ref. 3). Thus they
provide a much more convenient basis for kinetic
tests of the type discussed in Ref. 3.
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